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It is presented an exact solution of straight spinning cosmic strings in Brans-Dicke theory
of gravitation. The possibility of the existence of closed timelike curves around these cosmic
strings is analyzed. Furthermore, the stability about the formation of the topological defect
discussed here is checked. It is shown the existence of a suitable choice for the integration
constants in which closed timelike curves are not allowed. We also verify if it is possible
that the obtained spacetime can be the source that describes the observed rotational curves
in some galaxies.
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I. INTRODUCTION
The Brans-Dicke (BD) gravitation is the simplest scalar-tensorial theory in which the gravita-
tional phenomena are described by a tensorial and a scalar field [1]. The dynamical equations, for
the scalar and tensorial fields, have a dimensionless parameter, ω, controlling the departure from
usual General Relativity (GR). The closer the unit is this parameter, the greater is the difference
between the description of phenomena given by GR and the BD theory. Current solar system
experiments sets |ω| > 40000 [2]. Nevertheless, scalar-tensorial theories of gravitation appears
somewhat naturally in the development of unified theories of fundamental interactions, since
grand unification models require of a spin-0 field in order to explain the gravitational phenom-
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2ena [3]. Moreover, a seminal result coming from the investigation of the cosmological evolution
of the Universe, under the auspices of BD theory, shows GR as a strong attractor of BD gravitation
in the sense that the dynamics of the scalar field has been gradually suppressed [4–6].
It is usually understood that cosmic strings are topological defects, which arose from a sponta-
neous symmetry breaking occurred in some phase transition of the early Universe, and therefore
can provide some information about most fundamental theories. Spinning cosmic strings are a
particular class of approximately one-dimensional topological defects that have an angular ve-
locity around the longitudinal axis of symmetry and whose dynamics is associated to the Gödel’s
solutions [7, 8]. Spinning strings were largely studied in GR, and its solutions confirm the exis-
tence of closed timelike curves (CTC’s) in at least part of the resulting spacetime around the defect
[9]. The point to be emphasized in those previous works is that the CTC’s are generally generated
by non-physical sources [10]. As the formation of spinning cosmic strings would have occurred
in the early Universe, an approach with BD gravitation, in the light of Refs. [4, 5], can bring some
additional information not yet obtained within GR. In Ref. [11] spinning cosmic strings were in-
vestigated in the context of BD gravity, but the obtained solutions are overly particular, since the
performed analysis takes advantage of a scalar field particular shape.
In this paper we shall delve into the question of the spacetime generated by a straight spinning
cosmic string within BD gravity, outside the spinning string. We show the complete solution for
the metric plus scalar field system and study the physical prospects. It is important to remark
that by studying the exterior spacetime solution, the connection with BD gravity is weakened
and most part of the solution is obtained in the framework of a scalar field minimally coupled to
gravity. We shall still maintain the presentation within the BD scope, preparing the solution to a
further approach taking into account the interior solution as well. However, in order to keep track
with BD theory we make an effort mentioning the behavior in the Jordan frame, and evincing
possible values of the integration constants particular to the scalar sector. In this vein, we use the
so-called Einstein frame to perform all the calculations, but after all it is shown that the general
qualitative behavior can also be applied to the Jordan frame as well, exception made to the general
shape of the scalar field. The physical outputs to the emphasized here are the regularity of the
spacetime outside the spinning cosmic string evinced by the Kretschmann scalars, the existence
of a radial proper distance, say r∗, from the string below which CTC’s are (in principle) possible,
and the analysis of energy quantization of a non inertial particle surrounding the spinning string
pointing to the physical instability of the source. Moreover it is presented a particular choice of
the integration constants in which CTC’s are not allowed. This last fact coming exclusively from
3the scalar coupling. Finally, it is verified the possibility that a spacetime like the one obtained
here can describe the rotational curves of the analyzed galaxies in Ref. [12], as an alternative to
dark matter. In the rest of this introductory section we shall fix the notation.
The gravitational action in BD theory is given by
S =
1
16pi
∫
d4x
√−g¯ (ΦR¯− ω
Φ
∂µΦ∂µΦ
)
+ Smatter , (1)
where ω is the aforementioned dimensionless parameter. The equations of motion in the Jordan
frame read
Gµν =
ω
Φ2
(
∂µΦ∂νΦ − 12 g¯µν g¯
ρσ∂ρΦ∂σΦ
)
+
1
Φ
(
∂µ∂νΦ − g¯µν¯Φ
)
+
8pi
Φ
Tµν ,
¯Φ =
1√−g¯ ∂µ
(√−g¯∂µΦ) = 8pi
2ω+ 3
T . (2)
Notice that we have reserved the notation Φ and bar terms for Jordan frame evaluated quantities.
There is a more convenient way to work with the BD equations, which is through the Einstein’s
frame. In this frame, g¯µν and Φ from the Eqs. (2) are redefined by the new dynamical variables
gµν and φ, as in [13]:
g¯µν = e
2κφ gµν ,
Φ =
1
G
e−2κφ , (3)
where
κ2 =
1
2ω+ 3
(4)
and G is a factor related to the Newton gravitational constant. Thus, in the Einstein’s frame, the
Eqs. (2) can be written as
Gµν = 2∂µφ∂νφ− gµνgρσ∂ρφ∂σφ+ 8piφ Tµν , (5)
φ =
8pi
2ω+ 3
T . (6)
As we can see, the appreciation of BD field equations in the Einstein frame leads to a type of
decoupling of the scalar and tensorial modes in the vacuum. There are a large amount of works
dealing with the subtle aspects of physics considered from the point of view of these two frames
(for a broader review see [14], and for a relatively new advance in the issue see [15]). For the sys-
tem we are about to consider, since the qualitative behavior is basically the same in both frames,
we shall perform and interpret the results in the manageable Einstein frame and only occasionally
make reference to the Jordan frame.
4This paper is organized as follows: in the next section we obtain the solution for a straight
spinning cosmic string and the scalar field in the Einstein frame of BD gravity, outside the string,
in a quite general form. In Section III we study the physical content of the solution. In the final
section we conclude.
II. SOLUTION FOR A SPINNING COSMIC STRINGS IN BRANS-DICKE THEORY
The spinning cosmic string to be addressed in this work is considered as very small radius
R (R → 0) source along with a very large length L (L → ∞). The more general cylindrically
symmetric line element outside such a defect reads [9]
ds2 = − (eα dt +M dϕ)2 + r2 e−2α dϕ2 + e2(β−α)
(
dr2 + dz2
)
, (7)
where the angular coordinate varies, in principle, in the range 0 ≤ ϕ ≤ 2pi. The string is then
placed along the z-axis at r = 0 and, by means of the cylindrical symmetry we have α, β and M as
functions of the, strictly positive, radial distance r only. We shall present the field equations by
using the Cartan forms [16, 17], in which
ds2 = ηijθ
iθj , (8)
where ηij is the Minkowski metric and θi is the tetrad basis
θi = θiµdx
µ , (9)
with
θt = eα dt +Mdϕ , θr = eβ−α dr , θϕ = r e−α dϕ , θz = eβ−α dz , (10)
θtt = e
α , θtϕ =M , θ
r
r = e
β−α , θϕϕ = r e−α , θzz = eβ−α (11)
and
dxµ = θ
µ
i θ
i , (12)
where
θ
µ
i = ηij g
µνθ
j
ν . (13)
When torsion is absent, the Cartan’s first structure equation is
dθi = −ωi j ∧θj . (14)
5By means of the metricity condition and because ωij is antisymmetric, the non zero components
of the connection forms ωi j are [16]
ωtr =ω
r
t = α
′ eα−β θt −Ωθϕ ,
ωtϕ =ω
ϕ
t = Ωθ
r ,
ωrϕ = −ωϕr = −Ωθt +
(
α′ − 1
r
)
eα−β θϕ ,
ωrz = −ωzr = (α′ − β′)eα−β θz . (15)
In the above set of equations, a prime means derivative with respect to r andΩ denotes
Ω =
Mα′ −M ′
2r
e2α−β . (16)
The curvature formsΩi j are determined by the second Cartan’s structure equation
Ωi j = dω
i
j +ω
i
k ∧ωkj , (17)
which are related to the Riemann tensor Ri jkl by
Ωi j =
1
2
Ri jkl θk ∧θl . (18)
Obviously, when i = k, the contractionRi jil leads to the Ricci tensorRjl . Thus, within this context,
the Einstein tensor Gij reads
Gij =Rij − 12ηijR , (19)
where R is the Ricci scalar R = ηijRij . The relation between (5) and (19) is given by [17]
Gij = θ µi θ νj Gµν . (20)
Thus, outside the string, the dynamical equations (5) and (6) in the vacuum may be recast into
the following form
Gtt : −3Ω2 −
(
2α′′ − β′′ + 2α
′
r
−α′2
)
e2(α−β) = −e2(α−β)φ′2 , (21)
Grr : Ω2 +
(
β′
r
−α′2
)
e2(α−β) = e2(α−β)φ′2 , (22)
Gzz : −Ω2 +
(
α′2 − β
′
r
)
e2(α−β) = −e2(α−β)φ′2 , (23)
Gϕϕ : Ω2 +
(
β′′ +α′2
)
e2(α−β) = −e2(α−β)φ′2 , (24)
Gtϕ : [Ω′ + 2α′Ω+Ω (β′ −α′)]eα−β = 0 , (25)
φ :
e2(α−β)φ′
2
d
dr
{
ln
[
e4(β−α) r2
(
e2(α−β)φ′
)2]}
= 0 , (26)
6where the scalar field φ is also a function of r (i.e., φ = φ(r)) only.
If the scalar field is non-dynamical, there exists a particular solution given byΩ = 0 and α′ = 0
(M ′ = 0). In this case, it is possible to associate M to (minus) J and e−α ∼ 1−µ/ (2pi), where µ and J
are the mass and the spin of a spinning point mass [10]. The metric (7) represents then, for dz = 0,
the spacetime exterior to such a particle in (2 + 1)-dimensional gravity or, by considering it as a
section of the full line element (7), µ and J can be interpreted as densities of a spinning cosmic
string in usual GR. In BD framework, however, this usual approach gives non longer a solution of
the system of equations.
From now on, we shall implement Lorentz invariance along the z-axis. It is performed by
setting
β(r) = 2α(r) , (27)
in the line element (7). With this constraint, it is fairly simple to see, from the sum of Eqs. (21)
and (22), thatΩ = 0, leading immediately to
M = a1 e
α , (28)
where a1 is an integration constant. The Eqs. (22) and (24) can be rewritten as
2α′
r
−α′2 = φ′2 , (29)
2α′′ +α′2 = −φ′2 , (30)
from which we arrive at
α′′ + α
′
r
= 0 , (31)
whose solution is given by
α(r) = a2 lnr + a3 , (32)
where a2 and a3 are constants. Now, substituting the solution (32) back into Eq. (29), for instance,
we have
φ(r) = φ0 +
√
a2 (2− a2) lnr , (33)
where φ0 is a constant and we have discarded the negative branch of the solution. Besides, from
(28), the M function reads
M(r) = a1 e
a3 ra2 . (34)
7In order to have real scalar field the a2 parameter must belong to the range
0 < a2 < 2 . (35)
Note that at first sight, GR limit can be recover for a2 = 0 or a2 = 2, since the scalar field is
constant for these values of a2. Further analysis points to the fact that the limit to GR is better
approached in the former case. Notice also, from Eq. (3) that in the Jordan frame the scalar field
is well defined for every range of the non null radial coordinate1. The obtained expressions for
α(r), M(r), and φ(r) are solutions of the system of Eqs. (21)-(26) as far as β = 2α. Therefore the
spacetime metric ends up as
ds2 = −e2a3 r2a2 (dt + a1dϕ)2 + e−2a3 r2−2a2dϕ2 + e2a3 r2a2
(
dr2 + dz2
)
. (36)
From the line element (36), as well as the general shape of the scalar field, it is conceivable
a note of warning about the spacetime behavior. The appreciation of the Kretschmann scalars,
however, shows that the spacetime is well behaved in general. In fact, in the Einstein frame we
have
R2 = RµνR
µν = 4a 22 (a2 − 2)2 e−4a3 r−4(1+a2) ,
RαβµνR
αβµν = 4a 22
(
8− 12a2 + 7a 22
)
e−4a3 r−4(1+a2) , (37)
CαβµνC
αβµν =
16
3
a 22 (1− 2a2)2 e−4a3 r−4(1+a2) ,
where Cαβµν stands for the Weyl tensor. In view of the Eqs. (37) the only subtle point is r =
0, which is excluded from the analysis (recall that we are investigating the spacetime outside
the string). It is indeed expected that the solution inside the string eliminates those (apparent)
divergences. We reinforce that mutatis mutandis the general conclusions obtained here also apply
to the Kretschmann scalars computed in the Jordan frame.
III. PHYSICAL PROPERTIES
From the line element (36) one sees that CTC’s are in order, provided a negative ϕ coefficient.
For such it is straightforward to see that the inequality
e−2α r2 −M2 < 0 (38)
1 Moreover, had we choose the negative branch solution, the scalar field would be divergent as r→∞ in both, Einstein
and Jordan, frames. In this context, a positive κ along with the analysis in the Jordan frame seems to be more
technically sound. Nevertheless some caution may be in order; after all, such an asymptotic behavior of the scalar
field should not be taken so seriously since, in practice, at large distances other (different) sources should enter in
the investigation and could even be more relevant.
8must hold. This leads immediately to
r1−2a2 < e2a3 a1 . (39)
Therefore, we see that for a2 = 1/2 it is possible to set a wide range of the parameters a1 and a3
such that CTC’s are not allowed. This is a remarkable fact which have no counterpart in GR.
On the other hand, by assuming a1 > 0 and a2 , 1/2 the region allowing for the existence of
CTC’s is given by
r < r∗ = exp
(
2a3 + ln a1
1− 2a2
)
. (40)
We remark, by passing, that the same qualitative aspect is preserved in the Jordan frame. Eq. (40)
delimits the cylindrical region in which, in principle, CTC’s are possible. The radius of such a
region depends whether 0 < a2 < 1/2 or 1/2 < a2 < 2, but qualitatively both situations are similar.
This fact resembles the study of spinning strings in usual GR [9]. In the sequel we shall study a
particular behavior of the geodesic motion, showing that in a purely radial motion, a test particle
would move away from the CTC allowed region.
The geodesic equations derived from (36) are given by
rt¨ + 2a1 (2a1 − 1) r˙ϕ˙ + 2a2r˙ t˙ = 0 ,
rr¨ + a2
(
r˙2 + t˙2
)
+ 2a1a2t˙ϕ˙ +
[
a21a2 + (a2 − 1)e−4a3 r2(1−2a2)
]
ϕ˙2 − a2z˙2 = 0 ,
rz¨+ 2a2r˙ z˙ = 0 ,
rϕ¨ + 2(1− a2) r˙ϕ˙ = 0 , (41)
where a dot stands for derivative with respect to s, the geodesic parameter. The complexity of Eqs.
(41) is evident and its physical content is difficult to be highlighted. There is a particular case,
nevertheless, which gives a clue on the radial behavior of the test particle. Hence, particularizing
the motion in a z and ϕ constant plane, i. e., disregarding the angular and z-axis motion, the set
of Eqs. (41) reduces to
rt¨ + 2a2r˙ t˙ = 0 , (42)
rr¨ + a2r˙
2 + a2t˙
2 = 0 . (43)
As far as t˙ , 0 Eq. (42) may be written in the simple form
d
[
ln
(
| t˙ |r2a2
)]
ds
= 0 ,
9whose solution is given by t˙ = C1/r2a2 being C1 a positive constant. Therefore, substituting t˙ into
(43) we have
rr¨ + a2r˙
2 +
a2C
2
1
r4a2
= 0 . (44)
The radial motion of the test particle is, then, driven by Eq. (44). The solution of (44) is given
in terms of the (inverse of) hypergeometric confluent functions. From the Figure 1, however, it
is possible to extract its physical content. As we can see, the test particle moves away from the
region with allowed CTC’s.
Figure 1: Qualitative behavior of the radial coordinate. The constants are chosen such that a1 = 1, a2 =
1
4
and a3 = 0. For these values, the radius r∗ equals one (also shown in the figure).
The previous analysis considers only the radial motion. The complement motion is also in-
formative. Consider, for instance, a non inertial behavior at fixed non null radius, say r = r¯. The
quite naive coordinate transformation
T = ea3 r¯ a2t + a1 e
a3 r¯ a2ϕ ,
Z = ea3 r¯ a2z , (45)
Φ = e−a3 r¯ 1−a2ϕ ,
turns the metric (36) into a (2 + 1)-dimensional Minkowski type:
ds2 = −dT 2 + dZ2 + dΦ2 . (46)
Now, suppose a relativistic particle with mass m subject to the gravitational field of the string
but respecting the constraint r = r¯. The Klein-Gordon equation for this particle shall present
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solutions of the form [18]
χ = exp
(
− iET
~
)
exp(ikZ) ψr¯(ϕ)
= exp
(
− iE e
a3 ra2t
~
)
exp
(
− iEa1 e
a3 ra2ϕ
~
)
exp(ikZ) ψr¯(ϕ) , (47)
where ψr¯(ϕ) is a function determined by the constraint to be taking into account in the potential.
Even without its explicit functional form, however, ψr¯(ϕ) must be a single-valued function of ϕ.
For a complete turn around the string, the angular coordinate increases 2pi and T gives rise to a
phase given by exp(−2piiEa1 ea3 r¯ a2/~). By adopting the interpretation that this lead to an energy
quantization condition [19] (mathematically equivalent to periodic time boundary conditions) we
are left with
E =
n~
a1 ea3 r¯ a2
≡ n~
Mr¯
. (48)
It is therefore straightforward to see that for r¯ far away enough from the string we shall have a
very high value for Mr¯ . This qualitative analysis is particularly relevant since Mr¯ /c4 is related
to the periodicity of time (note that Mr¯ /c4 may be expressed in seconds). Hence it indicates that
the string is possibly unstable, as in GR. In this context, after its formation it was swept out due
to instabilities. Again, the general aspects are also valid in the Jordan frame. Notice also that
from (48) one advocates that the right GR limit is given by a2 = 0, since the standard energy
quantization is recovered in this case [18].
In the paper [20], a nearly cylindrically symmetric spacetime in the BD gravity was proposed,
as an alternative to dark matter, for the description of the rotational curves of the analyzed galax-
ies in Ref. [12]. The model consisted of using the metric (7) considering β/α ≈ 2, which leads to
the violation of Lorentz invariance (unlike what was done here, when β/α = 2, and the Lorentz
invariance is preserved). The stars of Ref. [12] were considered test particles moving in a circular
trajectory around the centers of galaxies, in their equatorial planes. The Lagrangian that describes
this movement in the spacetime generated by the metric (7) can be written as [21]
2L = − e2α t˙2 −M2ϕ˙2 − 2eαMt˙ϕ˙ + r2 e−2α ϕ˙2 + e2(β−α) r˙2 + e2(β−α) z˙2 , (49)
where dot stands for the derivative with respect to the proper time τ . From the Lagrangian (49),
it was determined that the ratio between the tangential velocity vϕ of the stars and the velocity of
light is (vϕ
c
)
Ω±M±
=
e−2α
r
∣∣∣∣∣∣ (e2αM 2± − r2)
(
Ω± − e
3αM±
r2 − e2αM 2±
) ∣∣∣∣∣∣ . (50)
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In Eq. (50), α and M± are the solutions for the functions of the metric (7), obtained from the
resolution of the system (21)-(26), when β/α , 2, andΩ± is the angular velocity
Ω± = − 2e
2αα′
eα (M ′ +Mα′)±
√
e2α (M ′ −Mα′)2 − 4rα′ (rα′ − 1)
. (51)
As r grows, the tangential velocities tend to the constant value
vϕcst = c
√
1− k1
1 + k1
, (52)
where k1 is one of the constants of the functions α and M. The Eqs. (50) and (52), with adequate
values for the integration constants of the solutions for the functions of the system (21)-(26),
reflect the behavior of the reported measures in Ref. [12].
When the symmetry is cylindrical, as adopted here, and not nearly cylindrical, as in Ref. [20],
the application of the solutions (27), (32), (33) and (34) in Lagrangian (49) shows that the ratio
between the tangential velocity and the velocity of light is(vϕ
c
)
±
=
∣∣∣∣∣∣ a2r ± a1 e2a3 r2a2
√
a2 (1− a2)
r
√
a2 (1− a2) ± a1a2 e2a3 r2a2
∣∣∣∣∣∣ , (53)
which does not tend to a constant value, as expected for the description of the rotational curves.
There is an alternative that makes the ratio (53) constant, what is when a2 = 1/2 (exactly the value
of the constant a2 so that CTC’s do not occur, according to the condition (39)), but this leads to
vϕcst = c, because the numerator of the Eq. (53) is equal to its denominator for any r (including
for small r, which also does not agree with what is observed). Therefore, a spacetime as defined
by Eqs. (27), (32), (33) and (34) can not be a source of the rotational curves of the galaxies studied
in Ref. [12].
IV. FINAL REMARKS
It was performed a complete analysis of the outer spacetime generated by spinning strings
within the context of the simplest scalar-tensor theory. The obtained solution is not based on a
particular form of the scalar field and is completely characterized by means of the Kretschmann
scalars it generates.
As we have seen, straight spinning cosmic strings are sources of CTC’s in BD gravity, bringing
some resemblance with solutions in standard GR. Moreover we have shown that the strictly radial
geodesic motion is such that the test particle is driven away from the CTC’s allowed region.
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The very existence of CTC’s is, obviously, an intriguing aspect related to these sources. In fact,
the cylindrical region comprised by r < r∗ is a causality-violating one. In this vein, the analysis
leading to the energy quantization is relevant. In a similar fashion of what was shown in GR [18],
we also concluded that, with the modeling of a infinitely thin spinning string performed by the
BD theory of gravitation, the existence of such sources seems improbable.
It is important to elaborate on the peculiar possibility of no CTC’s raised by the choice a2 = 1/2.
If one argues that the dependence of Mr¯ (and E) with the radial distance invalidates the argu-
mentation on the string instability (based, for instance, in a similar argumentation of the one
presented in the footnote 1), then it necessarily leads to the adoption of a2 = 1/2 (with suitable
choices for the other parameters) in order to avoid CTC’s in the spacetime. This possibility is a
genuine aspect of the analysis performed in framework analyzed. For instance, at least theoreti-
cally, it is intriguing that the energy (and Mr¯ as well) does not depend on r¯ in the Jordan frame
for ω→ 0.
We also verified that a similar spacetime to the one obtained can not describe the rotational
curves of the analyzed galaxies in Ref. [12], because, as r increases, the observations indicate a
tendency for a constant tangential velocity, but this is not attended.
We finalize stressing that the complete spacetime analysis, taking into account the interior
solution, is under investigation and shall make explicit the hole performed by the BD parameter.
To the best of our hope, a procedure akin to the one presented in Ref. [22] working out the
ballpoint pen model, along with appropriate junction conditions may lead to a solution free of
naked singularities.
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